Typical industrial vibration problem solving includes utilization of linear vibration measurement and analysis techniques. These techniques have appeared to be sufficient with most vibration problem solving requirements. This is partially due to the lack of proper identification of the nonlinear dynamic response in measured data of actual engineering systems. Therefore, as an example, a vehicle driveshaft exhibits a nonlinear super harmonic jump due to universal joint excitations. This phenomenon is partially responsible for objectionable audible noise in the vehicle. Previously documented measurements or analytical predictions of vehicle driveshaft systems do not indicate nonlinear jump as a typical vibration mode. Physical measurements of the phenomena will be provided with subsequent analysis. Second, the secondary moment exciting the driveshaft system is derived with subsequent analysis showing the harmonic and super harmonic excitations. Third, a derivation of a model incorporating the linear and nonlinear modeling of a large degree of freedom system is introduced. Finally, simulations with the derived model with the universal joint excitations will be presented showing the correlation to physical test results. Therefore, a typical automotive driveshaft system is capable of producing nonlinear response, and thus the assumption of linearity is not sufficient for design validation or problem resolution in this case. r
Background
Rotating shafts have been used in various applications to connect the power source to where the work is needed to be applied. Rotating shafts typically referred to as driveshafts or propshafts transmit torque from the engine to the driving wheels in automotive applications. This is especially true for front engine with rear wheel drive or all wheel drive vehicles. In addition, it is necessary to allow for angular misalignments along the axis of rotation. Misalignment in a vehicle is due to many factors including manufacturing tolerances, packaging constraints, suspension travel, and engine dynamic movement (pitch and roll). Non-constant velocity (universal joint or Hooke's joint), constant velocity (CV) joint, and flex couplings have been used in (no non-constant velocity joint) to support his previous analysis of misalignment of shaft systems showing the effects of two times running speed vibrations due to misalignment [27] . The presented experimental data does not conclusively explain or show super harmonic nonlinear dynamic lateral vibration response including jump type phenomena due to non-constant velocity joint excitations.
The prior analytical results only focus on the torsional and moment excitations under load of the nonconstant velocity joint.
This ignores no load or light loading conditions, where moments also excite the lateral natural frequencies. In addition, the prior analytical models included some significant simplifying assumptions in the derivations of the equations of motion for a representation of the shaft system with the non-constant velocity joint. Our analytical model removes these assumptions and is furthermore validated with experimental measurements taken on a commercial class automotive driveline including a non-constant velocity joint. The model is accompanied by a thorough derivation of the relevant equations. It is therefore the subject of this paper to present experimental results, derivation of the secondary moment under no torque load, derivation of a complex driveshaft model and subsequent correlation of the simulation results with the experimental results.
Test apparatus and experimental results
The driveshaft of consideration is a commercially available driveshaft outfitted on a current production vehicle. The driveshaft is of a two piece design incorporating a CV joint at the transmission end of the shaft and two non-constant velocity joints located in the center and rear axle end of the shaft as pictured in Fig. 1 . The CV joint is of the plunging type with six balls allowing for the angular misalignment. The center bearing consists of a ball bearing supported by a diaphragm type flexible rubber bushing. The non-constant velocity joint is located just to the front of the center bearing assembly. The second non-constant velocity joint is located at the rear axle end of the driveshaft. In addition, a vibration absorber, internal tuned damper (ITD), is incorporated in the front shaft to minimize vibrations due to the first bending mode of the driveshaft.
The test bench is made up of a hydraulic motor that rotates the shaft on the transmission side, and a spindle at the opposite end to support the axle side of the driveshaft as shown in Fig. 2 . Finally, a support for the center bearing is in the middle. This support was designed to adjust the height of the center bearing. This adjustment is used to test the driveshaft with different universal joint angles by changing the height of the center bearing. It is significant as the system has no brake or secondary motor to provide additional torque. Therefore, the ''load'' torque in the shaft system is primarily due to inertia. This fixture has the capability of testing the driveshaft through a range of speeds. The test fixture ramps the driveshaft's rotational speed up and down through a typical vehicle's speed range of operation. Data acquisition equipment records the speed and vibration response data for analysis. Rotational speed data is collected through use of a tachometer, and vibration data is measured by accelerometers located on the transmission spindle, axle spindle, center-bearing bracket, and on the center bearing. A non-constant velocity joint creates harmonic and super harmonic excitation on a driveshaft. The driveshaft response jumps during a ramp-up due to a nonlinearity in the systems. This response is most significant at the soft support of the center bearing of the driveshaft. Measurements of the acceleration on the soft support are presented in Figs. 3 and 4 for a run up and run down conditions ran back to back in different directions. Spectral analysis identifies the primary harmonics comprising the excitations of the jump are the fourth and eighth-order rotational. This jump follows typical stiffening nonlinear characteristics, as the jump is significant on a run up portion of a test and minimal and at a lower rev/min (frequency) during the rundown portion of the test cycle. This is significant, as complaints of noise from the fourth and eighth-order rotational harmonic exist in the vehicle application.
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Measurement of the natural frequencies of the test setup will be vital to model the system correctly. An experimental modal analysis of the driveshaft in the test fixture was completed and the responses curve fitted to obtain the natural frequencies, modal damping, and the mode shapes. Standard industry practices for experimental modal analysis were completed using LMS CADA-X software for both the data acquisition and analysis. A list of the mode frequencies less than 500 Hz is presented in Table 1 . These frequencies are identified as critical to creating a model that accurately represents the physical system. Therefore, the physical system's model has to have natural frequencies near these measured values and similar mode shapes. Additional physical measurements were necessary to identify nonlinear characteristics of components other than the universal joint. Force vs. deflection and moment vs. deflection measurements were completed on all elastomeric components in the driveshaft system including the ITD. A plot of the stiffness coefficient of the ITD, and a mathematical curve fit is presented showing a cubic and a linear dependence of force on the deflection is presented in Fig. 5 . The known mass, damping, and stiffness is incorporated into a mathematical SDOF system representing the ITD by
where x is the relative displacement between the driveshaft and the ITD mass (Fig. 6) . This is the case in the range of deflections shown, however the dependence transitions from hardening to softening as the displacements increase significantly. In addition, a moment vs. deflection mesurement of the center bearing also revealed nonlinear stiffness with a cubic and linear moment-deflection dependence as well, as depicted in Fig. 7 . Therefore, due to multiple nonlinearities in the system, it is difficult to identify the primary source of the nonlinearity with these measurements. Results from the model and subsequent analysis determined that the ITD was responsible for the jump.
Analytical results
The model development consisted of two major components: a full derivation of the secondary moment with little or no torque, and the derivation of the full system model. The secondary moment derivation is included in Appendix A resulting in an equation dependent on the angular misalignment and rotational speed. The secondary moment has components in both orthogonal directions of the plane perpendicular to the rotational axis of the output shaft are and
This moment is comprised of significant harmonic excitation, especially the second order in the x-direction, and fourth order in the y-direction.
Model derivation
Due to the complexity of the driveshaft system, significant work was completed in deriving a system of equations representing the physical system. A lumped mass beam element model was chosen for the FEA analysis. This lumped beam model has previously been used with good correlation results for previous work ARTICLE IN PRESS on similar driveshaft analysis. The lumped mass helps to simplify the FEA model by only having diagonal terms for the mass matrix. Therefore, the FEA model consists of massless beam elements and concentrated inertias as shown in Fig. 8 . The nodal rotational and translational degrees of freedom of the 2-noded, 6 degrees of freedom per node beam element in Fig. 8 are arranged in the element displacement vector with the following convention of U e ¼ ½x i y i z i y xi y yi y zi x iþ1 y iþ1 z iþ1 y x;iþ1 y y;iþ1 y z;iþ1 T .
Subsequently, the diagonal lumped mass matrix and stiffness matrix for the beam element are 
where the coefficients are defined as 
Initial finite element modeling of the driveshaft with beam elements spaced along the tube, and at every major change of inner or outer diameters produces a system with 162 degrees of freedom. This model was very large and thereby needed to be significantly reduced. After a few iterations of model development, a 20 degrees of freedom system was developed. This system of equations was not sufficient to produce decent simulation results. This is due to the required small time step to get results from the system with the highest natural frequency of 44 kHz. Therefore development to simplify the system of equations to a level acceptable for simulation results was necessary.
The development of the final simplified equations of motion included many steps starting with a linear modal transformation of separate front and rear driveshaft models using the node locations depicted in Fig. 9 . Modal equations of motion were calculated using standard analytical modal analysis techniques to determine natural frequencies and mode shapes. These modal equations of motions were truncated to use only the equations with the natural frequencies in the range of study, modes with natural frequencies less than 500 Hz. The ITD was added to the front driveshaft using an additional degree of freedom coupled to the front driveshaft modal equations of motion at the node where it is located in the driveshaft. This attachment is completed using the mode shape scaling functions necessary for physical to modal or modal to physical transformations. It is interesting to note that an additional linear stiffness and nonlinear stiffness terms were added to each modal equation of motion. Likewise, the center bearing to the rear driveshaft nonlinear stiffness was added using the same modal modification techniques. This generated nonlinear modal coordinate equations of motion for the front and rear driveshafts, respectively.
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The driveshafts were then coupled together with a hinge joint using modal coupling techniques at the location of the universal joint. A standard pin couple was performed at this point. The transformation matrix was defined in the physical coordinate system, and thereby transformed using the same physical to modal transformation matrices used for the modal equations of motion derivation. This was necessary to couple the equations at this point to ensure adequate freedom of vibration across the universal joint angle.
The final system of equations had 7 degrees of freedom, with two dependant modes from the modal coupling to produce 5 modal degrees of freedom for the final simulation. Care was taken during the assembly process as the driveshafts, ITD, and universal joint forces were developed using multiple coordinate systems, and transformation into a global coordinate system was necessary. The universal joint force was added to the node where the universal joint connects the front and rear driveshaft. Once again physical to modal coordinate system transformation was necessary resulting in a forcing component in each of the equations of motion.
The final results for analytical linear model normal modes analysis (removing the nonlinear terms) and the experimental modal analysis results are presented in Table 2 . The linear modal analysis and the experimental modal analysis are comparable as they both assume linearity of the equations of motion. There is good agreement of the normal mode analysis and the test response up to the frequency of the jump. The rear driveshaft bending mode has a significant discrepancy of identified natural frequencies. Upon review of the data, the rear axle spindle has a significant cantilevered overhang of the flange attachment to the universal joint flange on the driveshaft. This overhang adds flexibility that was not included in the Normal mode analysis, which includes only the driveshaft stiffness influences.
In summary, the final modal equations of motion include the nonlinear ITD stiffness, nonlinear center bearing moment stiffness, and have freedom across the universal joint angle direction. In addition, the excitation is the full function formula and includes possible parametric excitation due to the universal joint angles changing due to the vibration. The following equation presents the form of the final modal equations of motion used for the subsequent simulation analysis
where M, C, K are the linear modal mass, damping, and stiffness matrices, K cubic is the cubic stiffness, and F(q,a,t) is the modal forcing vector that is dependent on the modal state, misalignment angle, and time.
Simulation results
The simulation of a ramp up similar to the experiment resulted in a nonlinear jump occurring at approximately 2100 rev/min in both the ITD and the driveshaft at the location of the ITD as plotted in Fig. 10 , respectively. The freedom across the universal joint connection can be seen with the responses of the front and rear driveshaft angle response at the universal joint. This is shown Fig. 11 with each individual angle presented first, and then the difference between the angles presented in the last plot. The jump is also apparent in the universal joint angles, reflecting the front shaft in the front universal joint, but a slightly different response in the rear shaft angle. The response of the rear universal joint angle is similar in shape as the response on the center bearing x-direction lining up with the rear driveshaft, and z-direction for the front driveshaft for the fourth-order response from the experimental test results. Comparisons of the experimental results in Fig. 12 to the predicted results in Fig. 9 shows some interesting features. Two peaks are present in both results, but the experimental measurement has the peaks closer together. These results align with the small differences between the normal modes and test results of the identification of the natural frequencies, see Table 2 .
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Figs. 11b and 13 show a similar behavior with two peaks, and greater separation in the simulation results due to the results of the normal modes analysis. The simulation results are displacements while the measured results are acceleration. This will change the shapes of the responses but not the separations in peak amplitude speeds. The responses of the universal joints are dominated by the fourth-order excitation progressing through the range of the front shaft bending and ITD tuning frequency.
The significantly different level, and response through the resonance region. This response is a symptom of nonlinear response and a parametric excitation would have similar responses in both conditions. Additional runs at various levels of nonlinearity were made to determine the minimum level of nonlinearity that produces a noticeable jump. This incipient level for the 41 angle case was at 25% of the measured nonlinearity of the ITD stiffness. From the force input dependency on misalignment angle, the minimum level of nonlinearity to produce a jump would vary inversely with the angle of misalignment. 

Conclusions
Nonlinear vibration response of a common automotive driveshaft has been measured and explained by model characterization at the component and system levels, system simulation, and correlation with the test data. The physical nonlinearity was isolated to the ITD which helps to reduce unwanted vibrations due to external forces, but not due to the universal joint related excitations. These moment excitations were created by the misalignment angle producing a secondary moment as a resultant of the known geometric kinematics forcing the output shaft angle to vary from the input shaft angle. It is interesting to note that a second factor, the load inertia also influences the secondary moment. The Eqs. (2)- (3) clearly indicate that the inertia proportionally changes the secondary moment. Due to this proportional influence, the influences are similar to angle changes, with angle changes having a correlated but not proportional influence. Therefore, angle changes are a more interesting factor for studying the influence of the forced excitation level.
These results provide a basis for further analysis of the universal joint excitations and dynamic response of driveshaft systems for reducing unwanted noise and vibrations. Future work includes running similar tests with a ''4 square'' rig to investigate the effects of locked in torque, and developing a linear spring ITD that will provide good dampening effects without the nonlinear jump.
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Appendix A. Derivation of the secondary moment
As outlined in reference paper [19] , p and q are the orthogonal vectors of the cross pin as pictured in Fig. A1 . The vectors change as a function of the input rotation angle, C, or the output rotation angle, y. These vectors are also dependent on the universal misalignment angle, a. The global coordinate system is defined as having the z-direction along the axis of rotation of the output shaft, Y in the vertical, and X in the axis parallel to the ground into the plot. This coordinate system's orientation is pictured in Fig. A2 . In addition, the three angles: c, a, and y are shown for the following derivation. The output shaft angle changes as a function of the input angle and the angle of misalignment by y ¼ arctan tanðcÞ cosðaÞ
Due to the nature of the universal joint, the only moment acting on the cross pin is perpendicular to the cross pin, assuming frictionless interaction between the cross pin and the shaft yokes. This direction is mathematically defined by the cross product of vectors p and q. Assuming the magnitude of the input moment is M, then the moment on the cross pin is derived as
Due to the complexity of the joint, M is not known or typically measured. The output shaft moment, Mo, is known. Therefore, M can be calculated from Mo as 
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Finally, the secondary moment, Ms, is defined by a moment perpendicular to the output moment, Mo, and also perpendicular to the direction of the cross pin connected to the rear shaft yoke direction, q. The magnitude of the secondary moment and its vector is defined as in the global coordinate system. The resultant output moment, Mo, is comprised of all moments applied to the rear shaft defined by
and
In this case, the total moments are the output moment and a resultant driving torque at the axle end of the driveshaft, Md. This assumes the rear shaft is rigid in the torsional direction, thereby having no potential or stored energy. The input angle can be defined as a function of time and the rotational speed, o, in It is interesting to comment that the moments in the x and y-directions are not equal. This is due to the misalignment was completed in one plane, but the secondary moment is not just in the plane of misalignment and in fact changes direction as the joint rotates thereby not aligning with either plane. This is an effect stemming from Eq. (A.2). Therefore with effects of the moment will influence the moments in both planes differently.
It is unclear due to their complexity as to the frequency or order content of Eqs. (A.13)-(A.14). For further analysis, it needs to be shown that the Fourier series expansion of the secondary moment also has multiple excitation orders, or harmonics of the known second-order excitation due to the universal joint. The following analysis derives the, Fourier expansion for the secondary moment. The self-excitation of the universal joint is presented in the first part of the equation of both moment directions. A misalignment angle of 41 is used to simplify the equation, and is the primary angle of focus of the system's response from the physical test results. The dynamic secondary moment is presented subtracting any input load on the driveshaft, resulting in The Fourier series with the first two terms was reasonably close to the four term approximation. This is also verified by comparing the coefficients of the various terms, as the first two terms are significantly larger than that of the higher order terms. For demonstration purpose only, the values of o ¼ 1, and I ¼ 1000 were used to generate Fig. A3 . Therefore, it is clear that the Fourier series approximation of the x-direction self excitation comprises also of the primary even integer multiples previously presented in the angular deflection and acceleration. The y-direction derivation of the self-excitation term in Eq. (A.14) calculated without the load torque is Once again, the Fourier series with the first two terms was reasonably close to the four term approximation. The coefficients indicate that the fourth-order term dominates, as the coefficient is significantly larger than those of the other terms. For demonstration purpose only, the values of o ¼ 1 and I ¼ 1000 were used to generate the results plotted in Fig. A4 .
